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STRESSES AROUND A CIRCULAR HOLE IN A SHALLOW
CONICAL SHELL WITH TORSIONAL LOADING

RaMesH CHaNDRAT and B. Basava Raui

National Aeronautical Laboratory, Bangalore-17, India

Abstract—Analytical solutions are presented for the stresses in a conical shell having a circular hole on its lateral
surface. The shell is subjected to torsional load. The method of analysis involves perturbations in parameters
defining curvature and the cone angle of the shell (f and ¢ respectively). The membrane and bending stresses
are obtained retaining terms of the order of #* and 2.

1. INTRODUCTION

THE stresses around a circular hole in a conical shell have been determined with the axial
tension and internal pressure loading retaining terms of $? and &* order [1]. It has been
noticed [1] that retaining terms of & order is not very useful in the sense that conical
shell solutions are not very much different from cylindrical ones, unless higher order terms
in f§ are also retained. It appears from the correlation between these parameters ¢ and f
that ¢ is of 2 order provided ro/h > 2-42 tan a(u = 0-3). In view of the above correlation
between the orders of these parameters, it becomes essential to consider the terms of f*
order at least, if one decides to consider the &2 order terms. This has motivated the present
investigation, where solutions are attempted, retaining terms of f* and ¢ order for the
torsional loading. Formulae, from which the membrane and bending stresses can be
computed, are presented and numerical results are given for various values of these
parameters.

2. THE GOVERNING EQUATIONS

2.1. The differential equation

Notation is the same as used in [1].§ The differential equation for a thin conical shell
is obtained from {1] as follows:

8if* 0%¢
4
—— =0,
Vie+ es  0s? )
2.2. Boundary conditions
The boundary conditions at r = 1 are
NI =0, NE=0
2

M,=0, QFf=0.

T Scientist, Structural Sciences Division.
1 Head, Structural Sciences Division.
§ In [1] Poisson’s ratio has been denoted by v, but in the present Paper it is denoted by .
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FiG. 1{a). Conical shell developed on a flat surface.

Fi16. 1(b). Conical shell subjected to torsional load T,

3. METHOD OF ANALYSIS

The method of analysis involves perturbations with respect to the parameter § and «.
The hole is assumed to be small enough so that f < 1. It can be shown that ¢ is of the
order of g if

r_: > 242 tan o (¢ = 0-3).

Now the complex stress—displacement function and all the stress resultants can be
expressed in power series of ¢.

¢ = po+edy+e’P,

, (3)
N,= N, +eN,, +&°N,; efc.

Further, each term in the power series can be expressed in even powers of f§, and products
of even powers of £ and In §. For instance,

b, = ¢jo+/32 In 5¢11+52¢j2+ﬁ4 In B¢j3+ﬁ4¢j4‘ (4)
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In this paper, we are retaining the terms of the order of *. The terms of ° In f order and
higher have been neglected. Substituting j = 0, 1 and 2, in the above expression,

B0 = Poo+ 2 In Pdoy + B Por+ B In P+ B Pos
¢y = dio+ B In Py + 2P, +0(B* In ) (3)
b, = ¢20+0(8> In ).

As ¢ is of the order of B2, we can neglect the term of the order of 84 In § in the expansion
of ¢, and terms of the order of g% 1n § in the expansion of ¢,.

4. SOLUTION FOR SMALL VALUES OF f AND ¢

The membrane and bending solution will be obtained by considering only the first
three terms of series in the expression (3). For this approximation, equation (1) reduces
to three differential equations for ¢, ¢,,¢,. These equations are the same as equa-
tions (11a), (11b) and (11c) of [1]. The complementary solution of any of these equations
is given below:

A

= Z (An1+iBnl)(an1+iﬂn1) Z n2+an2) n2+Bn2) (6)

n=1 =
where
Ayy + By = cosh{(1 —i)Bx]H, (/2i Br) sin nf

%z + B,y = sinh[(1 —i)Bx]H (/2 Br) sin nf. 7

4.1. Modified boundary conditions

The boundary conditions as defined in Section 2.2 are reformulated in this section.
The membrane boundary conditions at r = 1 are formulated as follows —
N,;+N,; =0
_ ()
Nr9j+ Nr0j =0
where j = 0, 1, 2.

Substituting for N,; and N,; from [1] and N,; and N,, ; from Appendix in the above
equations, following boundary conditions for zeroth, first and second order approximation
in ¢ are obtained

Zeroth approximation :

1e 192 = mritysin20, k=0
(?5?+PW)Im¢°"<—0, k=1,234...

o1 é = —mrit, cos 26, k=0
( ) Im ¢, < 0

00 =0, k=1,234....
First approximation:

18 1e i = —2mritysin30, k=0
rarte g mw =" _ 0, k=12

9)

(10)

of1 ¢ = 2mriz, cos 36, k=0
( )Im ¢1k / 0t

ar\r 00 T =0, k=12
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Second approximation :
1a o 12
ror P og?

{”“‘(’1“ (H)] m ¢20 = 3T0mr0 Cos 46

Using the formula of M, and Q}* from [1], the boundary conditions for bending at » = |
are recorded below:

) Im ¢,y = 3tomra sin 40

'32 T (1..

H ) Reg, =0
F2 v gt o) Redn =

(12)

a8 5 lmy Gl ¢

= =0
{(Z’rv - r Wr(r 302HR6¢"
j=0,12

k=0,1,234

5. ZEROTH APPROXIMATION

This approximation corresponds to cylindrical shell solution. The complex stress
function ¢, is determined by the use of appropriate boundary conditions. The expression
for ¢ is

bo = doo+Po1 B2 In B+ Py 7+ o In f+ ot

where

T H—; o ~;z
sin 26
Im (,boz = 18 A [ +9 z_ ]
R _ 2sin26 fij_i+ 1 ,_flf'?33+‘11_(§ 1—3n "
¢ oz = Cn r? 122 3 V2
sin46[24B3, 843, B, Al
—_NWMTAE‘~ I"4 ?'2 2 6
ZSIII 20 le le S 4 . B 2 bis 4332}
= - LAt At S~ 4 Bl In s+ Bl 5
Im Gos 7 [r"‘ T 3 V2 ]
sin 40 §£+24A§,+A,2r _ Bi,? 8BS,
L2 6 6

: . g
Re s = ﬁggﬁ[ 245 —241,r2 +28B%, ._?lerzj

1 2 .
T r? 2
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sin20] 2B3 1 1, 9r\ 6B =« 2
Im ¢o4 = n [— r221“"'2321(48 21 \/2)+ r241+§A}2r2—2Afz+§B{2
yr\ 8B3, AY,r* r sm49[,«121 B“rz
1-3In —185+2001
( \/2) 7 240 TR T
244}, 8B, AS Bl,r> 8B, 19242 in 60
+———r4‘“+ r2‘“+ 21:5 (16+4Oln\/2)—~—~162r - r232+ 2r4 52]+Sm6
I
Bj,r* 6By, ASy* 2 192 960
X[ T I T R
sin208] 243, =B} 5n 2
Re ¢04 = [_—;22*1—“?21"24'2414127'4‘{’514%2"2

Bl 5
241, In L —n—ﬁr2+23$2-8i;3}
;

22
. B3, 24Bj, mA},r* Ai,r* 843
+ 40 _ 21__ 41 12 _ 12 . 32
sm [ 2 r 24 6 r?

where, the different 4* and B* with subscript and superscript are given below :

mn u—1
A9, = 2 "(2)1'0, A}, = gA(;za A3, = mA(fz
A2, = A9, 5 _ 3ur—6u—1 " 4u
123+ ) 2t 263+ p)(u~1) 33+u) \/2

4 [10(9;1 1) i 403442+ 11,860 — 18,330
“ 7480 33+ p) \/2 3603+ p)(u—1)

Az—f(’)i[ 27t2+18(5 “)(1 )2 58;4+3041 v 948u%—2141+ 17,809
3= T
8 3 2l 36+ Y2 3603+ m(u—1)
9 1‘/.1 A12 4 A(I)Z 63ﬂ+49
Az, = Agy = —
34p 24384 42 x 960 240(p + 3)
A 20-p)
B}, = ——A%, Bl =-"12 gz _ UM
21 36 12 21 2 12 3+‘u 12
—15 5-— A% p—3
Bl, =A% L2 2TH, s =o12B7?
12 ‘2[ 6(p+3) 3+u \/2 288 p+3
. [79/4 +188u—327 3(Su—1) v
32 A
T I TTE N 34u 2
A
B, — 12[(1 ) 10(5—p) Y S9u+357 =m +97u+279
V2! 3+u \/2 63+ 1) 16(3 + )
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5.1. Membrane stresses
The membrane stress o/, is expressed as
T _ T 2.T 4 T 4 T
Ggo = Tgoo + 7002+ % In fogos+ BY6go,
where o4, are determined from the formula

r — 1 82 im
Ogo; = Ogoj— 735 =5 1M .
J ! hmr? or? 0

The general expression for a4, is not given here as it is lengthy one. However, the
expression at r = 1 is recorded as below:

) , 29
[E@Q] — —4sin20 _Zg sin 2047+ f* In [Sm 20 {8 In j 5t 36;(4” T 3)5}

Au+7 52247 + 40044 — 6006 Su+151, ¢
~v(ﬁi—)sin40}+ﬁ4[sin2 {l i st ~+n A :

+3 240G+ -1 6 30ap 2

2 J— —_ ’\)-
+5(5 ”)-1 s 140 2448;1 +432u 157§ Tip 3ln4/f
3+u \/2 360(3+u)( -1) 33+p 2
1
—sin 60-— (13)
(3+u):!

where ¢ = 1,/h.

5.2. Bending stresses
The bending stress oy, is expressed as

Too = B71In Boggy + 20402+ B In foges + 40404

where 0,; are obtained from the formula

_6D(1 @ 1o &)
%001 = j2 2\ 2 g2ty o i) RE Por

The expression for oy, at r = 1 is given below:

: @ 2t 4274349
—1(«3“) [sinZOl—%—)ﬂl In [£+[32{ 2sin 29( T 4 e

Tgo
(— r:1~21* ? 3 3+u

i

Bu—1)*, 7y
+f—w—1nj§)+s 463 3+

" 7 sin 20 24813 R v
— +128u*—1405u + 1329+ 48 1)(u* + 281+ 59)
+p ( 72(3+u)2{ iz I I (u=1)(u I

T (VRS GNPPR e B )
~——~r}+ﬂ In §27 sin 20 G+ )

y 7 sin 40 2 )]
b b (T1pu* —107u+ 62} | |. (14)
xln\/2}+18(3+#)( Ju HU+62)
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6. FIRST APPROXIMATION
The governing equation for the approximation is

24)1

V4¢1+81!32 = B*iLy¢o.

Replacing ¢, in the above equation by its expansion, we obtain

2¢1

Vig, +8if*— = iLy[B*boo +0(B* In B)].

Since we are neglecting the terms of order of f* In f in the expansion of ¢, the particular
solution of the above equation can also be terminated at % order terms.
The solution of the above equation, ¢, can be expressed as

¢, = 4)Il’+¢€
where ¢* is particular solution, and

¢§ is complementary solution.

¢% can be assumed as ¢} = ¢%,p%+0(8* In p).

Substituting the assumed expansion of ¢% in the governing equation and equating the
coefficients of 82, we have

V4¢12 = iL;¢oo-

The above equation is rewritten after substituting ¢, from Oth approximation and
operating it by the differential operator L, as defined earlier.
48B3,
T

164
Vipr, = — [—3r 3sin 50+r 3sin 301+ —22 Al (3 sin 50— 2 sin 30 —sin 0).

Solving the above equation,

1 3

B; AO 2
P = 4—r(sm 50 — 3 sin 30)+—2 [% sin 56 +§r3 In rsin 36—

3sin 6

@dlnr— ):| (15)
Complementary solution. The complementary solution ¢¢ is assumed as

§ = ¢5o+B* In BoT, + 295,

combining the assumed complementary solution and particular solutions, ¢, is determined
by using the appropriate boundary conditions.

1= b0+ In P, + P,

where
2sin 30 2
Po=1 11(,,—5?)
¢11 =0
AZ
me, = ing
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sin 50| 2B3, 192B3, 24B3, A%’ Bl,r Blr
Reg,, = "n0f 200 19285, 245, 4 e

r r’ P’ 8 12 4
sin30[ 843, 2B}, 243, 24B, 2 , A% r 3 3o
+ - [— 5o, —-7~»~r3+3A‘1)2rjlnr*vli-l—‘+4Bézr~ZB§1r}
sinf| 2B, 2B}, 243, AY, A? vy 5
+ _ 22 1203 . i1 - R TRl
- [ ; ., r y r’@dlnr—3)+ 5 r(l 41n\/{,2)+6322r}(16)
where
mn A}, BBu+7
A} = —rdtg(= 49,), Ad, = L R
11 2 0 O( 12) 22 24 H+3
s Aty 180p% +244u+176 . AL
1T30x96 Bpl-p e
11254 —1518u— 183
Bg1 = A} B%z = “/4%1

"60(3 + p)(1 — ) x 5760

734125 132422
3 B 42 B, = A2 D +22p+13

2T 5% 1923+ ) 1
6.1. Membrane stresses

The membrane stress g, is expressed as

94, = 04,,+ B In B, + a5,

where a4, is obtained from

I R
Oy, = Gy — ~—1m ¢;
0;; 05 hmr(z) arz 4
where j =0, 1,2
The general expression of ¢, is
. . 4 1
o4, = 2t% sin 30 r+5—A3). (17
r r

Substituting r = 1 in the above equation, we obtain

-
(fﬁ) = 8 sin 36,
7. .
Ofr=1
6.2. Bending stresses

The bending stress oy, is expressed as

_ p2
Gg, = B Ty,s-

The free term and the f2 In B term vanish individually because the real parts of the corres-
ponding complex function ¢ vanish.
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The gy, at r = 1 is recorded below :
3 0\¢ 1150° — 144259 . —p®+60u+61
%6, = p? 5| | sin 50 s s +sin 39— T ETO0
)= t—u 15(3 + 1) 3G+

—(4p+5) sin G] (18)

7. SECOND APPROXIMATION

The governing equation of ¢, is
¢,
ox?
The particular solution of the above equation will be starting from the term con-
taining 2, since f? order terms are not to be considered for this approximation, there is
no need of determining the particular solution. The complementary solution also will

be confined to free term i.e. ¢y.
¢, 1s recorded as below:

Vi, +8ip? = ifAL;p+Lyd)). (19

o, = i%z)ro sin 40(%—%). (20)
The membrane stress o;, is now computed from
T T 62
Op, = Uez‘m mlm b2

and recorded as

. 15 6
64, = —1§sin 40(6—7——% 3r2) :
r r

Substituting » = 1 in the above expression,

T
20 _ 12 5in 40,

1

Bending stress is vanishing as Re ¢, = 0.

8. COMPLETE SOLUTION

The complete solution to the problem up to the terms containing ¢ is now written
by adding Oth, 1st and 2nd approximation solution. The total stress ¢ is expressed as
the sum of total membrane and bending stresses namely

T _ T T
Og = Ogmyt+Ogp

where m and b denote membrane and bending solutions. Now o4, is obtained from the
following

T _ T T 2T
Gom - 69m0+809m1 te O-Bmz'
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Substituting the o, o4 . and o4, at r = | in the above expression, we get

O-T . 2 . ’ Ao -2
(—9:-) o 4sin 20— ?n sin 2082 + f* In ﬂ[sin 20{8 In »'+3ﬁh95}

1o

3-4-»;1 2403+ ) (u—1) n *t 6 ?(3+u) n\72

5(5~ 7 \° 24— .
R 7| L sin 40 2448u° +4321 - 1578 Tlu-3 = 5
1+u V2 N 2

2 +7 "
2u ) 49]+ﬁ4[1 20{1522;1 +4004p — 6006 n*  Su+ 151 :

360G+ 0—1) 3345

1
—sin 60— _
sin 63+ )] + 8¢ sin 30 — 12¢2 sin 44, (21)

Similarly 64, is obtained from the following:

T __ T T 2T
O'ab = O’obo-i-gO',;bl +& O-f)bz

As
T 3 3 8(1 —
Ton) P “)s1n2(91321n/a+/32 sin 20028 A 2349
¥ oy 1—u 34+u 9 3 3+u
8u—12. ¢ 21— 10u+9 (22 + 10p)
2 hiatling +1n B sin 20—~
+ Erw n /2}+ E m4()} +nf* In B sin 20 95+ 1)

sin 20
+nﬁ4{ 148(§+ uy? {248;1 + 1287 — 1405 + 1329+ 48(u— 1)

12 — 137
« (2 +28u+59)ln——} =762 49}

V2 36(3 +p)
115u% — 1444 — 259 —H +60u+61
+¢ff? 50— e - S
ef {51 5G4 n 36- 3G ) —(@4u+95)sin @
(22)

9. DISCUSSION

The membrane and bending solutions have been obtained to an accuracy of * order.
Figures 2-5 represent the membrane and bending stress distribution at the hole. The
different parameters occurring in the stresses have been taken as follows:

W= 100.
For this Ry/h ratio, two different Ry/r, ratios have been taken (Ry/ro, = 20 and 30) to
study the effect of . The f values corresponding to the above Rq/r, ratios are 0-322 and
0-215. For each value of g, different values of ¢ are taken corresponding to the semi-cone
angle of 0°, 30° and 45°. One important conclusion can be drawn from Figs. 2-5 that the
variation of stresses in the conical shell from cylindrical shell decreases as 8 decreases.
For very low value of f§, the conical shell and cylindrical shell solutions are not much
different from each other. In these computations u value has been assumed to 0-3.
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FiG. 2. Membrane stresses due to torsional load.
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F1G. 3. Membrane stresses due to torsional load.
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F1G. 4. Bending stresses due to torsional load.

FiG. 5. Bending stresses due to torsional load.
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APPENDIX

Derivation of basic stresses N,, Ng and N,,

Considering the section of a conical shell in the second principal direction subjected
to torsion, it can be shown by equation of equilibrium that the membrane stresses are
given by

Ny, = to/(1+2er cos +¢7r?)

= (A-1)
N,=0,N,=0

where 7, = T/(2nR}), T is applied torsional load
Now N,, N, and N,, will be computed from the above stresses by using the trans-

formations L
Ny = —N,,sin24 (A-2)

N,s = Ny, cos 24

where A is the angle between s and r direction [Fig. 1(a)]. It can be shown that

sin 2] = sin 26+ 2¢er sin 6
T 1+2ercos B+
(A-3)
cos 20+ 2er cos 0+ &%
cos 21 =

1 +2er cos O+¢?r?
By substituting (A-3) and (A-1) in (A-2), we obtain
N, = 14(sin 20— 2er sin 30 + 3r%&? sin 46)
Ny = —14(sin 20 — 2er sin 30 + 3r¢2 sin 46)
To(cos 20— 2¢r cos 30 + 3r?&? cos 46)

=
Il
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