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STRESSES AROUND A CIRCULAR HOLE IN A SHALLOW
CONICAL SHELL WITH TORSIONAL LOADING

RAMESH CHANDRAt and B. BASAVA RAJUt

National Aeronautical Laboratory, Bangalore-17, India

Abstract-Analytical solutions are presented for the stresses in a conical shell having a circular hole on its lateral
surface. The shell is subjected to torsional load. The method of analysis involves perturbations in parameters
defining curvature and the cone angle of the shell (fJ and £ respectively). The membrane and bending stresses
are obtained retaining terms of the order of fJ4 and £2.

1. INTRODUCTION

THE stresses around a circular hole in a conical shell have been determined with the axial
tension and internal pressure loading retaining terms of {32 and [;2 order [1]. It has been
noticed [IJ that retaining terms of [;2 order is not very useful in the sense that conical
shell solutions are not very much different from cylindrical ones, unless higher order terms
in {3 are also retained. It appears from the correlation between these parameters [; and {J
that [; is of {32 order provided ro/h :2: 2-42 tan (1.(/-1 = 0·3). In view of the above correlation
between the orders of these parameters, it becomes essential to consider the terms of 134

order at least, if one decides to consider the [;2 order terms. This has motivated the present
investigation, where solutions are attempted, retaining terms of 134 and [;2 order for the
torsional loading. Formulae, from which the membrane and bending stresses can be
computed, are presented and numerical results are given for various values of these
parameters.

2. THE GOVERNING EQUATIONS

2.1. The differential equation

Notation is the same as used in [1].§ The differential equation for a thin conical shell
is obtained from [IJ as follows:

2.2. Boundary conditions

The boundary conditions at r = 1 are

(1)

M r = 0, Q~ = o.
(2)

t Scientist, Structural Sciences Division.
t Head, Structural Sciences Division.
§ In [I] Poisson's ratio has been denoted by v, but in the present Paper it is denoted by /1..
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FIG. l(a). Conical shell developed on a flat surface.

/
I

T~

FIG. l(b). Conical shell subjected to torsional load T.

3. METHOD OF ANALYSIS

The method of analysis involves perturbations with respect to the parameter 13 and c.
The hole is assumed to be small enough so that 13 < 1. It can be shown that <: is of the
order of 132 if

roh ~ 2·42 tan IX (fl = 0·3).

Now the complex stress-displacement function and all the stress resultants can be
expressed in power series of c.

etc.
(3)

Further, each term in the power series can be expressed in even powers of 13, and products
of even powers of 13 and In 13. For instance,

(4)
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In this paper, we are retaining the terms of the order of {34. The terms of {361n {3 order and
higher have been neglected. Substituting j = 0, 1 and 2, in the above expression,

4>0 = 4>00 + {321n {34>01 + {324>02 + {341n {34>03 + {344>04

4>1 = 4>10+ {321n {34>11 + {324>12 +0({341n {3) (5)

4>2 = 4>20 + 0({32 In f3).

As c; is of the order of {32, we can neglect the term of the order of {34 In {3 in the expansion
of 4>1 and terms of the order of {32 In {3 in the expansion of 4>2'

4. SOLUTION FOR SMALL VALUES OF {3 AND e

The membrane and bending solution will be obtained by considering only the first
three terms of series in the expression (3). For this approximation, equation (1) reduces
to three differential equations for 4>0,4> 1,4>2' These equations are the same as equa
tions (I 1a), (lIb) and (lIe) of [1]. The complementary solution of any of these equations
is given below:

00 00

4>j= L: (Anl+iBnl)(anl+i{3nl)+ L: (An2+iBn2)(an2+{3n2)
n = 1 n= 1

(6)

where
ani + i{3nl = cosh[(l- i){3x]H~ (..)2i {3r) sin ne

an2+ i{3n2 = sinh[(l- i){3x]H~(..)2i{3r) sin ne.
(7)

(8)

4.1. Modified boundary conditions

The boundary conditions as defined in Section 2.2 are reformulated in this section.
The membrane boundary conditions at r = 1 are formulated as follows :-

Nrj+Nrj = °

(9)

k=O

where j = 0,1,2.
Substituting for N rj and N rej from [1] and N rj and N rej from Appendix in the above

equations, following boundary conditions for zeroth, first and second order approximation
in c; are obtained

Zeroth approximation:

(
1 0 1 02

) <=:.= mr~!o si.n 2e, k = °--+-- Im4>
r or r2 ae2 Ok = 0, k = 1, 2, 3,4 ...

~(~~) 1m ~-= -mr~!ocos2e, k = °
or r oe 4>Ok ----- = 0, k = 1,2,3,4 ....

First approximation:

(
1 0 1 a2

) . = - 2mr6!0 sin 3e,
~ or + r2 ae2 1m 4>1k~= ° k = 1 2, ., ,

0(1 0) ~ = 2mr~!ocos3e,
or -;: 06 1m 4>1k = 0, k = 1,2.

k=O
(10)
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Second approximation:

(
1 () 1 r)2) 2 .
·~-+·2 -;:.82 1m 4>20 = 3romro sm 40
r cr r u

[
rJ (1 (l)~ . 2._- ~ -...- 1m rP20 = ~ 3romro cos 48.
rJr r DO

(lll

Using the formula of M r and Q: from [1], the boundary conditions for bending at r =

are recorded below:

j = 0,1,2

k = 0, I, 2, 3, 4.

5. ZEROTH APPROXIMATION

(12)

This approximation corresponds to cylindrical shell solution. The complex stress
function rPo is determined by the use of appropriate boundary conditions. The expression
for 4>0 is
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where, the different AS and BS with subscript and superscript are given below:

4 ,11-1 0
A 21 = --A12

,11+3

A 3 - A~2 A3 _ AO [ 3,112 -6,11-1 4,11 Y J
32 - 12(3+,11)' 21 - 12 6(3+,u)(,u-l)+3(3+,u)ln )2

A7 = A~2[10(9,u-l)ln~+ 4034,112+ 11,860,u-18,330J
41 480 3(3+,11))2 360(3+,11)(,11-1)

Ai2 = A~2[ _ 2n
2

+ 18(5 - ,u)(ln~) 2 58,11 + 304 In~_ 948,112 -2141,11+ 17,809J
8 3 3 + ,11 )2 3(3 + ,11) )2 360(3 + ,11)(,11 - 1)

A~2 63,11+49
42 x 960 240(,11 + 3)

2(1-,11) 0
Bi2 = --3--Al2

+,11

1 0 [,11 - 15 5 - ,11 Y J B5 _ A~ 2 ,11 - 3
B 12

= Al2 6(,11+3/ 3+,11 In )2' 41 - 288,11+3

B5 A~2[79,u2+188,u-327 3(5,11-1) Y J
32 =- + In-

48 15(3 + ,11)(,11 -1) 3 +,11 )2

B~l = A~2[(ln~)21O(5-,u) In~ 59,11+357 _ n
2

+ 97ft + 279J
12 )2 3+,11 )2 6(3+,11) 2 16(3+,11)'
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5.1. Membrane stresses

The membrane stress (Jlo is expressed as

where (Jboj are determined from the formula

r -- I ti 2

(JOOj = (JOOj--,---, ;:)lIm <!>OJ'1mr(j ur

The general expression for (Jb0 is not given here as it is lengthy one. However, the
expression at r = 1 is recorded as below:

where T6 = To/h.

5.2. Bending stresses

The bending stress (JOO is expressed as

where (JOOj are obtained from the formula

The expression for (J00 at r = 1 is given below:

(

(JOO) 1( 3 )l-[ 16(1-/12) 2 2 { . (2n 42/12+3/1+9- = - --- sin 20 f3 In f3 + f3 - 2 sm 20 - + - ------. _._-
T6 r=l 21-/12 3+/1 9 3 3+11

8(/1-1)2 }') 4/12-10/1+9} 4 . /1(22+10/1)
+ ----In - + sin 40-. + f3 In [32n SIll 20----.---

3+/1 ~2 3 3+/1 9(3+/1)

+ [34 (_ n sin 20
2
{248/13 + 128/12 -1405/1 + 1329 + 48(/1-1 )(/12 + 28/1 + 59)

72(3 + /1)

xln ~} + nsin40 (71/12- 107/1+62))J. (14)
y2 18(3+/1)
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6. FIRST APPROXIMATION

The governing equation for the approximation is

n 4 ,J.. 8· f32
02

<P1 f32·L,J..
v '1'1 + I ~ = I 1'1'0'

uX

Replacing <Po in the above equation by its expansion, we obtain

V4<P1 + 8if32a;~21 = iL1[f32<POO +O(f34 In f3)].

Since we are neglecting the terms of order of f34 1n f3 in the expansion of <PI' the particular
solution of the above equation can also be terminated at f32 order terms.

The solution of the above equation, <P 1 can be expressed as

<P 1 = <p~ + <Pc.,

where <p~ is particular solution, and

<Pc., is complementary solution.

<p~ can be assumed as <p~ = <Pi2f32+ O(f34 In f3).

Substituting the assumed expansion of <Pi in the governing equation and equating the
coefficients of f32, we have

V4<p~2 = iL 1<P00.

The above equation is rewritten after substituting <Poo from Oth approximation and

operating it by the differential operator L 1 as defined earlier.

4 p 48B11 -3' -3' 16A?2(' . .V <P12 = ---[ -3r sm S8+r sm 38J+-- 3 sm S8-2 sm 38-sm 8).
n nr

Solving the above equation,

B11. . A? 2 [r 3
. 2 . 1'3 sin 8 ]

<Pi2 = -4r(sm S8-3 sm 38)+- -sm S8+-r3 In r sm 38---(4 In r-3)
n n 8 3 4

Complementary solution. The complementary solution <Pc., is assumed as

<Pc., = <p~'o + f32 In f3<Pc., 1 + f3 2<pc., 2

combining the assumed complementary solution and particular solutions, <P 1 is determined
by using the appropriate boundary conditions.

where

,J.. _.2 sin 38 2 (1 2)
'1'10 - I All ----

n l' 3r3

<Pll = 0

ALr .
1m <P12 = -2- Sill 8
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Re¢12 = sin~!!.[_ 2BL_~22BL_~4Bl~+~?2r~_Bi2~+~L~J
n r r5 rJ 8 12 4

sin~[ __8A~!_ 2BL_~A~l_ ~Bl2 2 0 J A71 r 3 1,. 3 1 "j+ J ,-+A12r In r------+-B I --B r
n r r r r3 3 2 4 22 4 2 1

sin 8[2Bi 1 2BL 2A~2 A72 J AL ( yr )' 5 J+-- ----'------------r (4Inr-3)+-r 1-4In-- +_B l r, (16)
n r r r 4 2 J2 6 22 _

where

A~2 =
2 mn 2 0

All = 2roro(= Ad,

AJ _ A71 180p2 +244p + 176
31 - 30 x 96 - (3 +-p)(1 =-p)--'

B 3 _ A 2 1125p2-1518p-183
51 - 11 60(3+p)(1-p)x5760'

471 13p+7
"~---~~--

24 p+3

B 3 _ 73 + 125p 2
42 - 15x 192(3+p)A ll ,

6.1. Membrane stresses

The membrane stress (Jrl is expressed as

where (JT. is obtained from
0.)

wherej = 0,1,2

1 a2

(J'I = (J --- --- 1m rf...
°ij 0,; h 2 a 2 'VI)mro r

The general expression of (Jr, is

T *. ( 4 1)(Jo, = 2rosm38 r-+-r5-r3 .

Substituting r = 1 in the above equation, we obtain

(
T)(Jo, = 8 sin 30.

r~ r= 1

6.2. Bending stresses
The bending stress (J0, is expressed as

(17)

The free term and the f32 In f3 term vanish individually because the real parts of the corres
ponding complex function ¢ vanish.
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The (Je, at r = 1 is recorded below:

(
(Je) 2( 3 )1:[. n115/l2-144/l-259 . 311-/l2+60/l+61_, = /3 -- sm 5(7 +sm (7

,~ r~ 1 1-/l2 15(3 + /l) 3(3 + /l)

- (4/l + 5) sin 8] .

7. SECOND APPROXIMATION

The governing equation of cP2 is

(18)

(19)

The particular solution of the above equation will be starting from the term con
taining /32, since /32 order terms are not to be considered for this approximation, there is
no need of determining the particular solution. The complementary solution also will
be confined to free term i.e. cP20'

cP2 is recorded as below:

.mr6 . (3 4)cP2 = 1-'0 sm 48 4-2 .
4 r r

The membrane stress (Jf2 is now computed from

- 1 iF
(Jf2 = (Je2--h2 i12 1m cP2

mro cr

and recorded as

(Jf2 = -,~ sin 48e; -~-+ 3r2) .

Substituting r = 1 in the above expression,

(Jf2 .* = - 12 sm 48.
'0

Bending stress is vanishing as Re cP2 = O.

8. COMPLETE SOLUTION

(20)

The complete solution to the problem up to the terms containing 1;2 is now written
by adding Oth, 1st and 2nd approximation solution. The total stress (Jf is expressed as
the sum of total membrane and bending stresses namely

T T T(Je = (Je(m)+(Jeb

where m and b denote membrane and bending solutions. Now (Jf is obtained from the
following m
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Substituting the <IL" (fL and (fLz at r = I in the above expression, we get

(:~~) r= 1 = -4 sin 28_~,J[ sin 28p2 + [j
4 ln fJ[sin 20i8In~;+3~-;_}~n

_2~:+\7~ sin 48] + p4[sin 20r2~~:;(;-J~)~:=-~)006 + ~2 -~32~1/~/ In ]2
+~~i-/~1)( In 32) 2} - sin 40{24~~;/+4~:(~=~{~+ ;/:+~J In J~}

- sin 60 6(3~-P)] + 81: sin 30- t 2<:2 sin 40.
Similarly <lIb is obtained from the following:

As

9. DISCUSSION

The membrane and bending solutions have been obtained to an accuracy of p4 order.
Figures 2-5 represent the membrane and bending stress distribution at the hole. The
different parameters occurring in the stresses have been taken as follows:

Ro-11 = 100.

For this Ro/h ratio, two different Ro/ro ratios have been taken (Ro/ro = 20 and 30) to
study the effect of p. The p values corresponding to the above Ro/ro ratios are 0·322 and
0·215. For each value of p, different values of I: are taken corresponding to the semi-cone
angle of 0°, 30° and 45°. One important conclusion can be drawn from Figs. 2~5 that the
variation of stresses in the conical shell from cylindrical shell decreases as p decreases.
For very low value of p, the conical shell and cylindrical shell solutions are not much
different from each other. In these computations p. value has been assumed to 0·3.
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FIG. 2. Membrane stresses due to torsional load.
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FIG. 3. Membrane stresses due to torsional load.
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FIG. 4. Bending stresses due to torsional load.
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FIG. 5. Bending stresses due to torsional load.
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APPENDIX

Derivation of basic stresses N" No and N,o

Considering the section of a conical shell in the second principal direction subjected
to torsion, it can be shown by equation of equilibrium that the membrane stresses are
given by

Nst/J = '0/(1 +2ercos 0+e2r2
)

Ns = O,Nt/J = °
where '0 T/(2nR5), T is applied torsional load

Now N" No and N,o will be computed from the above stresses by using the trans
formations

N, = Nst/J sin 2A

No = Nst/J sin 22

N,o = Nst/J cos 22

where 2 is the angle between sand r direction [Fig. l(a)]. It can be shown that

sin 22 = sin 20 +2er sin 0
I + 2er cos 0 + e2r2

2
1 cos 20+ 2er cos 0+e2r2

cos 11.= --c----".----c:--,.-.....-
1+ 2er cos 0+e2 r2

By substituting (A-3) and (A-I) in (A-2), we obtain

N, = 'o(sin 20 - 2er sin 30 +3r2e2 sin 40)

NI) = -'o(sin 20-2er sin 30+3r2e2 sin 40)

Iii,I) = 'o(cos 20 - 2er cos 30+3r2e2 cos 40)

(Received 26 August 1969)

(A-2)

(A-3)

A6cTpaKT-·.LlaIOTcli aHaJlI1T1!'leCKl1e peLUeHl1l1 ,llJlll HanplllKeHHH, B KOHI1'leCKOIt 060JlO'lKe c KpyfJlblM
OTBepCTHeM, Ha ee ropl110HTaJlbHOit nOBepXHOCTH. 060JlO'lKa noaBeplKeHa Harpy1Ke Kpy'leHI111. MeToa
paC'leTa Bbl1blBaeT B01MyweHH B napaMeTpax, onpeaeJllllOWI1X KpHBI11Hy H yrOJl HaKJlOHa 060JlO'lKI1
(COOTBeTCTBeHHO f3 HE). 3a,lleplKHBall 'lJleHbl nOpll,llKa f34 H E2 , nOJlY'lalOTcll HanplllKeHHll B 6e1MOMeHTHOM
COCTOllHI1H HCy'leToM 111r116a.


